Duration : 3 hrs.

Time: 30 min.
Choose the correct-a:ruw’

1. Inany normed space (V, II- ll ,
a. Mul=lvi]<llu-
c. Ml =lvll=Nu

2. The true statement of the fo

There are norms on a finite

each other.

Convergence or divergence (

a.

b.

c.
d.

3. Consider R"= {(x1, %3, ---.x,,). JX 2,:-,n}. For any
define II-ll, by Il x = {Zfxil

a. 1<p<o

c. 0sp<o

4. The closure ¥ of a linear subSpa '

a. Linearly closed
¢. Neither (a) nor (b) is true

5. A proper subspace of a norm
a. No any interior point
¢. At most one interior point
In any inner productspadex Vv

111



10. Any two n- dimensional normed spaces are: : :
a. Algebraically non isomorphic b. Topologically non-isomorphic
c. Topologically isomorphic d. None of the these

11. Consider IP = {z = {zx}%=1, Zn € €} for 1 < p < oo. Define |l z ll,= {Z5=112,[P}/P.
Then |Ill,, will be a norm on P if

(o]
S lenp’ < b. Z|z,,|p <0
n=1 n=1
c. lenl” <0 d. None of these
n=1
12. If A # ¢ is a subset of an inner product space X, then
a. At g b. At = ALt
c. AmDE A d. None of these

13. Which of the following statements is false:
a. Linear operator on a finite dimensional normed space is continuous.
b. Linear operator on a finite dimensional normed space is bounded.
Linear operator on a finite dimensional normed space is both continuous and
bounded.
d. None of the these

14. If B and B' are Banach spaces and T: B — B’ is a continuous linear operator then

a. TI'is anopen mapping p. T is notan open mapping

Both (a) and (b) are doubtful

Cc: d. None of the above is true

15. Two normed spaces X and Y are said to be topologically isomorphic if there is a
mapping 7: X — Y such that
a. T is linear and 7 is not a b. T is a homeomorphism and T is not
homeomorphism linear
T is neither linear nor a

Gy . c
T is both linear and a homeomorphism :
homeomorphism
16. Which of the following statements is false?
If ¢ denotes the Banach space of all convergent sequences in R or € and ¢, denotes
a. the Banach space of all convergent sequences converging to 0, then ¢, is not a

closed subspace of c.
b. 1f Y be a complete subspace of a normed space X, then Y is closed in X.
c. IfY be a complete subspace of a Banach space X then Y is also a Banach space.
d. All of the above statement are true.
17. Two normed spaces X and Y over the same field will be isometric if there is a linear
operator 7: X — Y such that

% NTE) ly>lxlly, Vxe€EX o I T ly<llxly, Vx€X

(O HTG) Ny =Nxlly, VXEX a NTG) ly =l xlly, VX€EX
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Time : 2 hrs. 30 mins.

a.

[ Descriptive]

Marks : 50

[ Answer question no.1 & any four (4) from the rest |

Define a normed linear space (X, |I-11).

. Show that in a normed linear space (X, |I-I),

[x =Nyl <lx—ylVxy€X.

Using result (b) prove that ||l : X — R is a continuous function.

Consider R" the linear space of all n-tuples of real numbers. For

any f € R, f = (f(1),f(2), . f(n)), define Il f ll= (Zi‘ﬂlf(n)lz)%-

Show that R" is a normed space with ||-If as defined.

Show that the normed space as defined in (a) is a Banach space.

Let Y be a subspace of a normed space X. If Y is complete then
prove that it is also closed in X.

Let X be a normed space over a field K (K = R or €C) and let M be a
closed subspace of X. Prove that quotient space X/M is a normed
space under a suitably defined norm in X /M.

When is a linear operator T: (X, lI:llx) = (Y, lIlly) said to be
bounded.

Prove that a linear operator T: (X, ll-lly) = (Y, lI:lly) is continuous if
and only if T is bounded.

Define the norm of a bounded operator T: (X, lI-llx) = (Y, ll-lly) and
hence prove that the space of all bounded operators from (X, [I-lly)
into (Y, lI:lly) is also a normed space, the underlying field being
K(= R or C) for all normed spaces under consideration.

When are two normed spaces X and Y said to be topologically
isomorphic.

3]

2+4+4
=10

5+5=10

5+5=10

2+4+4

2+8=10
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